I. INTRODUCTION
Passive drag reduction methods using streamwise riblet surfaces are partly inspired by the wide variety of natural ribbed surfaces observed in fast swimming fish and sharks. The most prominent examples are the skins of fast swimming sharks such as the shortfin mako shark (2.2 m in length), and the silky Shark (2.27 m in length). The wetted surfaces of these sharks are packed with scale-like denticles where each of the denticles features between 3-7 ribs on them (on average); the spacing and height of the ribs are about 35-105 µm and 20-30 µm, respectively. [1] [2] [3] The maximum swimming speed of some of these shark species (also known as "burst speed") can reach up to 10-20 m/s. [1] [2] [3] These textured natural surfaces are thought to be able to modify the flow around the sharks' body by controlling frictional drag, transition to turbulence, the structure of near-wall turbulence, and vorticity patterns in the vicinity of the surface. 4 Inspired by the shape of the ribs on the shark denticles, various approaches to drag reduction using riblet surfaces have been introduced and previously investigated, with a variety of riblet shapes such as V-grooves, U-grooves, and rectangular upright knifeedge structures all deployed in laminar flows, [5] [6] [7] [8] turbulent channel flows, 1, [9] [10] [11] [12] [13] [14] [15] and boundary layers, [16] [17] [18] [19] as well as in high Mach number flows, [20] [21] [22] and pipe flows. [23] [24] [25] Bio-inspired riblet tapes have also previously been applied to the hull of the Stars and Stripes yacht in the 1987 America's Cup tournament and were also used by the ORACLE Team USA (previously known as BMW ORA-CLE team) in the 2010 America's Cup tournament, resulting in a win in both cases. 15, 26 A High Speed Buoyancy Propelled Vehicle (HSBPV) known as MOBY-D of length 12.6 m and diameter of 3.35 m was also tested in water with a riblet surface (35% surface coverage) resulting in 3.4% reduction in the skin friction drag. This corresponded to an overall 1% reduction in the Physics of Fluids ARTICLE scitation.org/journal/phf total drag since skin friction accounted for only 80% of the total vehicle drag. 11, 12 In recent years, new variations of riblet surfaces such as fractal riblets, 27 super-hydrophobic riblet surfaces, 28 as well as divergent-convergent riblet surfaces 29 have been explored in either channel flow or boundary layer flow conditions. In addition, a number of investigations have been expanding the use of riblet surfaces in radial turbine rotors, 30 or on the wings of a wind turbine. 31 Previous wind tunnel experiments by Bechert and Reif 1 on longitudinally aligned riblets with semicircular cross sections (selected to be geometrically similar to the shape of the ribs on the shark denticles) were shown to result in up to 7% reduction in the measured drag compared with corresponding flow conditions above a flat surface with no riblets. The physical spacing or height of the riblets used in these earlier experiments were not given, but they report the dimensionless length scales to be in the range of 30-35 wall units (to be discussed in more detail in subsequent paragraph). Later experiments by Bechert et al. 32 in the Berlin oil channel, 33 using two sets of triangular (V-groove) riblets with spacings of 3.04 mm and of height 2.63 mm, and spacing of 6.1 mm and height of 5.28 mm showed similar results. Comparable behavior has also been previously reported by Walsh and co-workers 13, 14, 34 with different types of riblets, especially grooves with triangular (V-groove) riblets. Recent experimental work by Wen and co-workers 2 using 3D printed replicas of shortfin mako shark skin has shown both a reduction and an increase in drag compared to smooth plates, depending on the speed of the flow or the Reynolds number in the water tank.
To understand the dynamical effects of the riblet wall geometry on the flow field, previous experimental and numerical results performed in turbulent flows have been reported in terms of the spacing of the riblets (s) in scaled wall units s + = suτ/ν where ν is the kinematic viscosity, uτ = τw ρ is the shear velocity or friction velocity, τw is the magnitude of the shear stress at the wall, and ρ is the density. This scaling is applied in the cases of turbulent flow and is known to qualitatively collapse velocity data measured in the boundary layer and results in different profiles for riblets of different shapes. [13] [14] [15] 32, 34 While this scaling collapses the effects of the flow dynamics and the physical scale of the riblets, it requires us to estimate or directly measure the shear stress at the wall to connect the degree of drag reduction to geometric variables in the problem, such as the height of the riblets and (in the case of boundary layer flow) the length of the plate.
A wide range of previous experimental studies have chosen to use riblets with equal spacing and height, i.e., s = h, but these previous observations do not present a clear picture of optimal conditions with conflicting reports documenting both drag reduction and drag increase. The experimental results of Viswanath and Mukund 20 with V-grooves with h = s in high Mach number subsonic flows showed consistent reduction in the measured drag over an ADA-S1 airfoil for a range of angles of attack. The measurements of Liu et al. 25 using longitudinal V-grooves (s = h) inside pipes resulted in a reduction in the friction factor for Re ≲ 1.05 × 10 5 and then an increase in the friction factor compared to the smooth pipe. On the other hand, numerical calculations by Launder and Li 5 for rectangular riblets of similar height and spacing, (s = h), in channel flow showed drag increase for all Reynolds numbers. Riblets with different height to spacing ratios have also been studied by Walsh, 34 Bechert and Bartenwerfer, 9 and Lazos and Wilkinson 35 again showing that the total drag reduction is dependent on the shape of the riblets, especially on the ratio of the height to the spacing of the riblets. Using numerical simulations for laminar boundary layer flow over sinusoidal riblet surfaces, we have previously shown 36 that the reduction in total drag has a nonmonotonic behavior with variations in the ratio of the height to spacing of the riblets (presented in the form of the aspect ratio defined as AR = 2A/λ). Furthermore, for flow over a plate at a fixed ReL, there is an optimal aspect ratio that offers the highest drag reduction. This nonmonotonic behavior is due to the interplay of two opposing trends as the aspect ratio of the riblets (AR) is increased: first, a local reduction in the average shear stress at every cross section along the plate, but also secondly, an increase in the wetted surface area of the riblet wall as the aspect ratio is increased. Additionally, in the same study, we showed that a plate with sinusoidal riblets in high Reynolds number laminar boundary layer flow is drag-reducing as long as the length of the plate is larger than a minimum critical length [i.e., the Reynolds number of the flow, ReL (based on the plate length) is larger than a minimum, critical Reynolds number]. 36 Steady state, incompressible, isothermal high Reynolds number laminar boundary layer flow of a Newtonian fluid is a canonical flow problem. Systematically, exploring the effects of changing the geometry of the riblet surfaces can help in understanding the geometric and dynamic parameters that define this mode of passive drag reduction (before introducing additional complicating factors such as turbulence and mixing). In our previous work, we have discussed various aspects of high Reynolds number laminar boundary layer flow over riblet surfaces using numerical simulation of the full three-dimensional Navier-Stokes equations. 36 In the present work, using theoretical modeling of laminar boundary layer flows over periodic riblets, we explore the key role of flow geometry on the total drag on the surface. While previous researchers have offered different forms of models and fits for their experimental and numerical results, 32, 37 these are a posteriori and require prior knowledge of the flow field. Thus, here, we aim to offer a theoretical framework allowing for a priori prediction of the drag response of ribletcovered surfaces in high Reynolds number laminar boundary layer flow. First, we introduce a new scaling for three-dimensional laminar boundary layer over periodic riblet surfaces and then employ a conformal map to analytically solve the boundary layer equations over riblet surfaces by moving to a more convenient curvilinear orthonormal coordinate system. Using the simplest case of V-grooves with spacing of λ and amplitude A, we calculate the drag reduction as a function of the spacing and height of the riblets as well as the length of the plate. We show that the results for drag reduction can be compactly represented as a function of three nondimensional variables; first, the Reynolds number of the flow over the plate of length L, defined as ReL = ρW∞L/µ, where W∞ is the free-stream velocity, and ρ and µ are the fluid density and viscosity, respectively. Second, the dimensionless spacing, λ/L, which is a ratio of the spacing of the riblets to the length of the plate, and finally, the dimensionless aspect ratio AR = 2A/λ which provides a measure of the sharpness of the riblet in the cross-stream direction (and will be discussed in more detail in Secs. II-IV). We then compare the qualitative trends and quantitative degree of drag reduction obtained from this mapping with the results from our previous numerical simulations. 36 Finally, we will compare the results of this theoretical framework with the available literature, as well as with
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II. EXTENSION OF LAMINAR BOUNDARY LAYER THEORY TO THREE-DIMENSIONAL PERIODIC RIBLET SURFACES
In 1904, Prandtl introduced the concept of the viscous boundary layer, recognizing that in high Reynolds number flows, there is a narrow region close to a rigid wall where viscous effects are as important as inertial effects in the flow and cannot be neglected; outside this thin layer, viscous effects are negligible and flow can be considered to be inviscid and analyzed using potential flow. 38 Assume an incompressible fluid of density ρ and viscosity µ is flowing past a plate of length L with freestream velocity W∞ in the streamwise direction z. The wall normal direction and the vorticity direction into the plane are y and x, respectively (similar to the coordinate system defined in our earlier work 36 ). Close to the wall, a thin boundary layer is formed where the thickness of this boundary layer [denoted δ as shown in Fig. 1 
where the Reynolds number is defined as ReL = ρW∞L/µ. Far from the leading edge (at z = 0), the pressure gradient in all directions is zero, i.e., ∇p = 0 (neglecting gravitational effects). The velocity vector inside the boundary layer is written as (u, v, w) where the spanwise velocity is equal to zero (u = 0) and the streamwise and wall normal components, w and v, are found by solving the following canonical equations:
which are known as the flat (smooth) plate boundary layer equations for steady, incompressible, isothermal, and Newtonian fluids consisting of the two-dimensional continuity equation and the NavierStokes equation 38 in the z direction with only the leading order terms retained. There is no momentum flux in the x direction and the corresponding Navier-Stokes equation in the y direction has an order of magnitude of O(Re −1 L ) compared to the equation of motion in the z direction and is thus neglected. 38 In our previous study, 36 we have shown that using this two-dimensional boundary layer theory alone cannot capture the changes in the velocity profiles and the frictional drag arising from the presence of riblets. Consequently, we employ a threedimensional model to understand the flow over riblet-covered surfaces. Thus, to extend this classical theory to the case of laminar boundary layer flow over periodic riblet surfaces, the simplest case of V-groove textures (triangular riblets) is considered here. Any textured riblet surface is comprised of two principal length scales, which define the overall shape of the grooves; one is the wavelength (or spacing) of the riblets (here denoted by λ) and the other is the amplitude (or height) of the riblets, denoted by A. These two variables correspond to the variables s and h used in most of the previous literature on riblet surfaces, respectively. 1, 9, [13] [14] [15] For the periodic V-groove textures of interest in this work, the wavelength (λ) and amplitude (A) are shown in Fig. 1(b) . For the case of V-grooves, we can also specify the dimensionless groove angle tan θ = 2A/λ (θ is the key geometric parameter used in solving the boundary layer equations and will be discussed more in Sec. III). Since the riblets considered here are symmetric, it is sufficient to use only half of the wavelength to define the aspect ratio. Note the same general definitions can be extended to other riblet shapes as well.
To extend the boundary layer theory to the case of flat plates with three-dimensional periodic riblet surfaces, it is assumed that there are no pressure gradients in the problem and therefore p ≈ constant (i.e., ∇p ≈ 0 corresponding to zero pressure gradient). In our previous numerical study, we demonstrated that close to the leading edge of the flow in a laminar boundary layer over riblet surfaces, the pressure distribution can be quite nonuniform with an initial favorable pressure gradient which is then followed at greater distances down the plate by an adverse pressure gradient (APG) in the streamwise direction. However, beyond a sufficiently large ReL, the contributions of this pressure gradient to the frictional drag reduction become negligible. This critical length (or critical Reynolds number ReL,c) depends on the wavelength of the riblets and/or the Reynolds number based on the riblet length scale Re λ . 36 Therefore, to make progress in analyzing high Reynolds number laminar boundary layer flow over periodic riblet surfaces (after the leading edge effects have subsided), we neglect the pressure gradient term in the equations of motion. Additionally, the length of the plate aligned along the flow direction is taken to be much larger than the spacing of the riblets (L ≫ λ). For consistency, with the classical boundary layer theory, the (spatially-varying) thickness of the viscous boundary layer is defined generically as δ and its growth is proportional to µ ρ and is much smaller than the length of the plate (δ ≪ L).
From our previous simulations 36 and experimental measurements near textured surfaces by Hooshmand and co-workers, 39 we expect that the thickness of the boundary layer is of the same order as the spacing of the riblets [δ/λ ∼ O(1)]. So, to nondimensionalize the Navier-Stokes equations for a laterally varying laminar boundary layer, we take z * = z/L, and y * = y/δ, while for the x direction 
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it is appropriate to introduce x * = x/λ for nondimensionalizing the equations. 40 In addition, the velocities u, v, and w can be scaled by U, V, and W∞ (i.e., u * = u/U, v * = v/V and w * = w/W∞) where the relative scales of U and V can be found using the continuity equation
Substituting these scalings, the spanwise and normal (x and y) components of the steady state nondimensional Navier-Stokes equations can be written in the form
where both equations (x and y directions) are of the order O(Re −1 L ) and lower. On the other hand, the Navier-Stokes equation in the z direction becomes
where only the last term on the right-hand side is of the order O(Re L ) or lower, the boundary layer equations for steady laminar flow over threedimensional periodic riblets can be simplified into the following nondimensional form:
and upon re-expressing in dimensional form
Instead of only depending on the Reynolds number (ReL) and the boundary layer thickness δ/L as in the classical Prandtl boundary layer theory, an additional dependence on the dimensionless variable λ/L (or locally λ/z) comparing the wavelength of the riblets to the overall length of the plate (or the location in the streamwise direction z) is also present in the equations. In the limit λ ≤ δ ≪ L (i.e., when the boundary layer has diffused away from the surface in the wall-normal direction by a large distance compared to the wavelength of the riblet texture), these expressions reduce to the classical 2D boundary layer equations outside the grooves. The physical importance of the lateral or spanwise variation in the boundary layer structure as it evolves along the plate can be assessed by comparing Figs. 2(a) and 2(b). In these figures, we show the velocity profile at the peak (x = 0, λ) and trough (x = λ/2) of riblets of sinusoidal shape with AR = 1.91 in a laminar viscous boundary layer flow at two different spatial locations in the streamwise direction corresponding to {Rez = 1330, λ/z = 0.21} [ Fig. 2(a) ] and further down the plate {Rez = 5320, λ/z = 0.05} [ Fig. 2(b) ] (computed as described by Ref. 36) . In the first case, as the boundary layer is evolving, the boundary layer thickness is still smaller than the wavelength of the riblets and therefore the velocity profiles vary for different spanwise locations, x, within one riblet. However, as the boundary layer structure evolves along the plate, the thickness increases through momentum diffusion and when δ > λ, the velocity profiles above a crest or above a trough have the same shape outside of the wrinkled grooves (y > 0). It is only inside the riblet grooves (y < 0) that the profiles take different shapes [as seen in Fig. 2(b) ]. Because of this structure, it is natural to consider the boundary layer evolution above a textured surface in terms of an inner and outer solution. The inner solution, which is dependent on all three spatial directions, is valid inside the grooves. On the other hand, the outer solution is only a function of (y, z) and the equations governing this outer flow must collapse back to the classical two-dimensional boundary layer problem.
In a boundary layer flow, we assume that the diffusion of vorticity is always perpendicular to the surface of the wall at which the 
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scitation.org/journal/phf no-slip boundary condition is applied. In the case of riblets, this is perpendicular to the surface of the riblets which have a generic profile of yw λ = f (xw λ) with λ as the characteristic length scale within the riblet groove. Initially, when the boundary layer first forms, the thickness at each point, δ(z), (normal to the wall) can be estimated using the classical scaling δ(z) ∼ z (Re 1 2 z ). However, this scaling is only valid as long as the boundary layer is much thinner than the characteristic length scale of the riblets, λ. Comparing the two length scales that characterize (i) the boundary layer thickness and (ii) the wavelength of the riblets (for riblets of similar AR), we obtain the ratio δ(z) λ ∼ (z Re 1 2 z ) (λ). This ratio of length scales in the boundary layer can be written in multiple forms
These different scaling expressions show that the ratio δ(z)/λ is a combination of both the local Reynolds number at the scale of the riblets and the position along the plate z/λ. The value of δ(z)/λ grows as the boundary layer evolves over the riblet surfaces. We note that the inverse of this parameter combination appears in the left-hand side of Eq. (7). It should also be noted from the last equality that the ratio δ(z)/λ can also be written in the form of a rescaled Reynolds number based on the wavelength of a riblet Re λ multiplied by the local position z/λ. In our numerical simulations of boundary layer flow over sinusoidal riblet surfaces, 36 we have shown that as the boundary layer evolves over the riblet surfaces, first the velocity profile follows the shape of the riblet surface; in this region, the boundary layer thickness is smaller than the riblet scales (i.e., δ < λ). Then after some critical distance zc along the plate, the boundary layer thickness starts to become larger than the scale of the riblets (i.e., δ > λ). Beyond this point, the boundary layer evolution outside the grooves feels little effect of the local riblet structure and grows similarly to the classical Blasius boundary layer. Only the retarded flow inside the grooves has a profile that is dependent on all three spatial dimensions [compare Figs. 2(a) and 2(b) ]. An estimate of this critical length can be obtained directly from Eq. (10) as δ(zc) ≈ λ or zc/λ ∼Re λ .
In these new boundary layer equations [Eqs. (8) and (9)] that have been extended to the case of periodic riblets, the local boundary layer thickness, δ, (a precise measure of which needs to be calculated after the boundary layer equations are solved) is also expected to be a function of the specific shape and sharpness of the riblets. In our previous work, we showed that for a constant Reynolds number and constant values of L/λ, the velocity profiles, local average shear stress distribution, boundary layer thickness, and the total degree of drag reduction (if any) are all functions of the aspect ratio, AR, of the riblets. 36 Thus, we expect that the calculated boundary layer thickness will be a function of ReL, the dimensionless wavelength λ/L as well as the aspect ratio of the riblets defined as AR = 2A/λ. In case of the V-grooves, the aspect ratio can be simply expressed as AR = tan θ as shown in Fig. 1(b) .
The extended boundary layer equations given by Eqs. (8) and (9) are to be solved subject to boundary conditions as below: at the inlet plane of z = 0, the velocity is the same as the free-stream velocity and thus v(x, y, z = 0) = (0, 0, W∞). At the riblet wall with coordinates (xw, yw, z), defined (in the case of V-grooves) by the expressions
we have the no-slip boundary condition v(xw, yw, z) = 0. Far from the wall, the streamwise velocity returns to the freestream velocity w(x, y → ∞, z) = W∞.
III. CONFORMAL MAPPING TO SOLVE THE EXTENDED BOUNDARY LAYER EQUATION
The set of extended boundary layer equations is more difficult to solve compared to the original two-dimensional boundary layer equations of Prandtl since all three components of the velocity field (u, v, w) are involved in Eqs. (8) and (9) and are each a function of the three spatial directions (x, y, z). In addition, the equations include partial derivatives in all three directions adding to the complexity.
To simplify the equations, we focus on the fact that the growth of the boundary layer is dependent on momentum diffusion normal to the surface of the no-slip wall (i.e., normal to the riblet surface here). To elaborate on this concept, here, we present contour plots of the streamwise velocity w [ Fig. 3 (1)). The isovelocity lines on both contour plots thus present a form of curvilinear coordinate system that is locally perpendicular to the direction of the growth of the boundary layer. Hence, it is desirable to transform the (x, y, z) coordinate system to one in which one space dimension is orthogonal to the riblet surface. Based on the insights from our previous numerical computations using wrinkled surfaces 36 and the velocity profiles of Vgroove riblets shown above, as well as our discussion in Sec. II, we seek a coordinate transformation from the Cartesian system (x, y, z) to a curvilinear orthogonal coordinate system (α, β, z) in which one of the directions is perpendicular to the riblet surface at every point on the surface (xw, yw) as sketched in Fig. 4 . If we transform the original Cartesian coordinate system (x, y, z) to (α, β, z), then the corresponding velocity field is transformed from (u, v, w) to (uα, v β , w). If we denote the local wall normal coordinate as β, then in the other direction (tangent to the riblet surface which we denote α), we expect to have no diffusion of vorticity and thus ∂w/∂α = 0 and ∂ 2 w/∂α 2 = 0, where w is the streamwise velocity along the plate as before. Such a transformation changes the extended boundary layer equations from Eqs. (8) and (9) to
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where Eq. (14) is now identical (in our transformed domain) to the streamwise momentum equation in the classical boundary layer theory. Next, to simplify the transformed version of the continuity equation [Eq. (13)], we direct our attention to the contours of the inplane velocity obtained from numerical simulations [ Fig. 3(b) ] which show diffusion of momentum in the β direction but no clear variations in the α direction. To expand on this, in Figs. 5(a) and 5(b), we first present the individual components of the inplane velocity in the α and β directions. As can be clearly seen in the contour plots, the magnitude of uα is approximately two orders of magnitude smaller than v β . To explore how these observations vary with Rez, we present in Fig. 6 the L∞ norm of the inplane velocity components ∥uα∥∞ and ∥v β ∥∞ in the new transformed directions normalized by the L∞ norm of the streamwise velocity (∥w∥∞) at each cross section (constant Rez) for 30 < Rez < 29 880 and 44.4 > λ/z > 4.5 × 10 −5 . As shown in the figure, while v β follows the expected boundary layer scaling of Re
the third component of velocity ∥uα∥∞ is smaller and decays much more rapidly with distance (Re
, then combining the observed variations in Fig. 6 , then the first term in Eq. (8) is at least a factor of 1/ReL smaller. Therefore, since we have neglected all terms of orders Re −1 z and lower in deriving Eq. (7), we can simplify the continuity equation to
It should be noted that by only retaining terms of O(1) we have greatly simplified the 3D boundary layer equations to Eqs. (14) and (15) . Further analysis of lower order terms would, in principle, be possible using asymptotic expansions of the full three-dimensional boundary layer equations for velocity and pressure. This is beyond the scope of the present work and we can alternately utilize numerical simulations to compare with our leading order asymptotic expansions. In summary, the classical Blasius solution combined with the appropriate coordinate transformation can be used together to solve the extended boundary layer equations up to the first order (in 1/ReL), giving the solution for the evolution in the velocity pro-
T ) both tangential and normal to the textured plate as a function of β and z.
To find a transformed coordinate system with the desired properties as above, the method of conformal mapping is employed for transformation from (x, y) to (α, β) coordinates and the reverse, at each cross section z along the plate. Here, we use the SchwarzChristoffel method, which transforms a half space into a simple open or closed polygon. 41 Previously, Bechert and Bartenwerfer 9 have used a similar method to solve the Laplace equation for the velocity field inside the grooves. They use the idea of a retarded flow inside the grooves and with assumption of viscous dominated flow, calculate the "Protrusion Height" for the streamwise and cross flow components, which is equivalent to the virtual origin of the flow in both streamwise and cross flow configurations. They argue that drag reduction is dependent on the difference of these two values as a measure of how much the turbulent cross flow close to the wall (especially the spanwise component of the velocity) has been retarded by the riblet structures. Here, we consider the case in which half of a V-groove riblet (0 ≤ x ≤ λ/2) is formed from the three sides of an open polygon, where the two vertices of the polygon in nondimensional form are given by 0 + iAR and 1 + i0 in the complex plane and the angle at the first vertex is γ 1 = π/2 − θ (where tan θ = AR) and at the second vertex is γ 2 = π − γ 1 = π/2 + θ as shown in Fig. 7 . Using the SchwarzChristoffel theorem, a rectangular grid (X 1 , Y 1 ) with two vertices corresponding to (−π/2, 0) and (π/2, 0) [ Fig. 7(a) ] is transformed into a half-space (X 2 , Y 2 ) with vertices (−1, 0) and (1, 0), respectively [ Fig. 7(b) ]. Using complex variables to transform from χ 1 = X 1 + iY 1 (−π/2 < X 1 < π/2 and Y 1 > 0) to χ 2 = X 2 + iY 2 , we have
Then the half space χ 2 is transformed to half of a V-groove (X 3 , Y 3 ) in which the two vertices (−1, 0) and (1, 0) correspond to spatial locations 0 + iAR and 1 + i0. Using the Schwarz-Christoffel method,
Equation (17) needs to be integrated with respect to χ 2 to find the final conformal map for half of the V-groove riblet boundary. To simplify the integration for the transformation from χ 2 = X 2 + iY 2 to χ 3 = X 3 + iY 3 , two intermediate variables (n and ξ) are introduced as follows:
Here, n can take any real value larger or equal to 2. The case of n = 2 or γ 1 = π/2 returns the results of the flat smooth plate boundary layer (AR = 0). When substituted back into Eq. (17), integration gives
Equation (20) can also be represented in compact form using a generalized hyper-geometric function ( 2 F 1 ) as
FIG. 7.
Steps used in conformal mapping from a Cartesian coordinate system to a curvilinear locally-orthonormal coordinate system for half of a V-groove riblet surface. 
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Here, χ 1 , and χ 3 are nondimensional complex variables (employed in the conformal map) and are related to the Cartesian (x, y) variables and the transformed variables along and normal to the wall (α, β) as
Hence, even though the boundary layer Eqs. (14) and (15) are the same as the classical boundary layer equations solved by Blasius, the coordinate transformation captures the effect of the riblet shape in the problem through the spacing of the riblets λ and the aspect ratio AR of the riblets (or the angle θ) in the mapping. Equation (18) connects the variable n to the angle θ or the aspect ratio of the riblets (AR = tan θ) and Eq. (23) involves the wavelength directly; therefore, for any given wavelength and aspect ratio of V-groove shaped riblets, the above set of equations can be used to find a transformation between (x, y) and (α, β) for one half of the V-groove riblet. Due to the symmetry of the riblets and the transformation, it is sufficient to find the map for only half of a riblet.
To solve the extended boundary layer equations, first we use the coordinate transformations [from (x, y) to (α, β) at each cross section with constant z] to transform Eqs. (9)- (14). Then Eq. (14) is solved using the Blasius solution 38 in the (α, β, z) coordinate system. Using Eq. (22) and the Blasius solution, the similarity variable η for the new boundary layer problem can be defined as
and, thus, w(β, z)/W∞ is calculated as a function of η from the Blasius solution. Then using the conformal mapping steps in reverse, the coordinate locations (α, β) (or equivalently χ 1 = X 1 + iY 1 ) can be transformed back into the physical domain of the riblets (x, y) (given in dimensionless form by χ 3 = X 3 + iY 3 ). The angle of the riblets is set by the value of the parameter n ≥ 2, where AR = tan(π/2 − π/n). Note that n can take any real value larger than 2 and n = 2 returns the classical Blasius results of two-dimensional boundary layer flow. Using this conformal map, we can calculate the local angles that the coordinates α and β create with the original coordinates x and y and these angles can be used to transform the inplane velocity components u and v determined in the simulations to uα and v β . On the other hand, after solving the above equations with the Blasius solution, employing the continuity Eq. (15), we can find v β (up to the first order). Then similarly employing the local angles between the initial and transformed coordinates, one can decompose the velocity v β back to its components in the x and y directions.
IV. RESULTS
The transformed momentum Eq. (14) and continuity Eq. (15) (using the transformation introduced in Sec. III) were solved for riblet surfaces of various spacing (λ) and aspect ratios (AR) using Matlab and the results are discussed below in the form of the evolution in the velocity contours and the boundary layer thickness along the plate, in addition to changes in the total drag on the textured surfaces. The results are presented as a function of the dimensionless position along the plate z (or correspondingly the local Reynolds number of the flow Rez), the ratio of spacing of the riblets to the location along the flow direction (λ/z), and the aspect ratio (AR) of the riblets. In global coordinates, the local position z is replaced with the length of the plate L in the above dimensionless groups.
A. Velocity profiles and self-similarity
The evolution of the velocity profiles along the textured plate can be conveniently represented as contour plots as a function of Rez, λ/z, and AR. First, we keep the shape and size of the riblets constant (by keeping the wavelength, λ, and aspect ratio, AR constant) and present the velocity contours at different local positions z (i.e., as a function of Rez and λ/z). The results for riblets with AR = 1 and {Rez = 100, λ/z = 1}, {Rez = 500, λ/z = 0.2}, and {Rez = 1000, λ/z = 0.1} are shown in Fig. 8 . Similar to the evolution of the boundary layer over a flat plate, an increase in the local distance traveled along the plate results in diffusion of vorticity further away from the wall and, thus, an increase in the thickness of the boundary layer. From Fig. 8(a) , it is clear that at low values of Rez, the velocity contours partially conform to the shape of the riblets (as seen by the lines of isovelocity); however, as we move along the plate (i.e., as we increase the local Reynolds number Rez and decrease λ/z) then spanwise variations in the velocity boundary layer are erased, Physics of Fluids ARTICLE scitation.org/journal/phf especially outside the grooves. Additionally, as Rez increases, the fluid inside the grooves becomes progressively more retarded and as seen in Fig. 8(c) for Rez = 1000, the velocity everywhere inside the groove is less than 25% of the free stream value W∞.
We have reported a similar flow retardation in simulations of sinusoidal ribs 36 and have shown that, due to the presence of the riblets, the flow inside the grooves is increasingly retarded through the action of viscous effects diffusing outward from the walls. This creates a layer of slow-moving fluid (of the same composition) inside the grooves; the higher-momentum fluid above therefore effectively slides on itself. Through this "self-lubricating effect," the shear stress felt inside the grooves, especially near the base of the riblets is lower than the shear stress experienced in the case of a flat-plate boundary layer at the same Rez.
Other researchers have reported this phenomenon both numerically and experimentally; Djenidi and co-workers, 6, 7 Chu and Karniadakis, 10 and Launder and Li 5 have reported slower, nearly stagnant velocities inside the grooves by presenting velocity profiles at different spanwise locations within riblets in both laminar and turbulent flow regimes. As a result, Djenidi and co-workers suggest that such viscous effects can play a key role in this mode of passive drag reduction. 8 In wind tunnel experiments, Hooshmand et al. employing smoke for visualization report to have observed the smoke "lingering" inside the riblet grooves longer than it did over a smooth surface concluding there were "extremely low velocities" inside the ribets. 39 To explore the key role of geometry, we consider cases in which the Reynolds number and λ/z are kept constant and only the crosssectional shape of the riblets are varied, by changing the aspect ratio, AR. As an example, in Fig. 9 we show velocity contours for fixed conditions corresponding to {Rez = 200, λ/z = 0.5} as a function of the aspect ratio, AR, of the V-groove. The figures show that at a fixed local Reynolds number (or fixed position along the plate), the introduction of riblets causes an increase in the thickness of the boundary layer compared to the corresponding flat plate. As the aspect ratio, AR, increases the thickness of the viscous boundary layer also increases. Additionally it can be seen that the introduction of riblets results in the local viscous-dominated flow inside the grooves becoming progressively more retarded. As the aspect ratio of the riblets is increased at constant Reynolds number, a larger area of slowly moving fluid can be observed inside the grooves. This thicker layer of slow moving fluid inside deep grooves was also documented in our previous numerical study when comparing sinusoidal riblets of AR = 0.95 and AR = 1.91. 36 Changing the lateral spacing of the riblets changes spanwise variations in the shape of the boundary layer and thus the boundary layer thickness δ/λ will have different spatial structures and gradients depending on the chosen value of λ/z. As discussed in Sec. II, when the boundary layer thickness (δ) is larger than the wavelength of the riblet (λ) the local shear flow outside of the grooves is not influenced by the shape of the wall and all of the spatial variations are confined inside the grooves. Conversely, when the boundary layer thickness is smaller than the wavelength, the velocity contours more closely conform to the shape of the grooves. It was shown earlier (see Sec. II) that the ratio of boundary layer thickness to the wavelength δ/λ is directly dependent on the rescaled Reynolds number given in Eqs. (7) and (10) . Therefore, changing the wavelength of the grooves at a fixed mean velocity or flow rate will directly result in a change in δ/λ and in the local velocity profiles. However, from our new scaling we expect that viscous boundary layers that develop over riblets with the same aspect ratio but different physical spacing will be self-similar as long as the value of Rez(λ/z) 2 is the same between the different cases. This scaling is confirmed by examining To summarize, these direct quantitative comparisons [and the scaling shown in Eqs. (7) and (10)] show that the development of the three-dimensional velocity profile over spanwise periodic riblet surfaces is effectively dependent on a local Reynolds number based on the wavelength of the riblets. This re-scaled form of the Reynolds number, Rez(λ/z) 2 ≡ Re λ (λ/z), combines the effect of the flow along the plate as well as the effect of the size of the riblets; therefore, it can serve as a meaningful dimensionless group for design purposes as it combines the fluid properties, flow strength, as well as the lateral scale of the riblets (characterized by the wavelength). With this form of self-similarity, it is possible to discuss the results as a function of only two variables, Rez(λ/z) 2 , and the aspect ratio, AR, instead of the three dimensionless variables originally introduced.
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The rescaled dynamical variable Rez(λ/z) 2 has a slightly different behavior compared with the classical variable Rez. First, when all aspects of the riblet geometry are kept constant, increasing the freestream velocity results in a linear increase in the value of Rez(λ/z) 2 [since Rez(λ/z) 2 ∼ W∞]. Similarly, keeping the free-stream velocity constant and increasing the spacing of the riblets results in quadratic increases in the scaled Reynolds number (Rez(λ/z) 2 ∼ λ 2 ). On a global scale, when the Reynolds number is defined based on the length of the plate (i.e., zmax = L), then all the above relations can be rewritten in terms of L instead of local position z. However, unlike the normal variation we expect in Rez, increasing z (or in other words moving down the length of the plate) results in a decrease in the scaled Reynolds number since Rez(λ/z) 2 = Re λ (λ/z) ∼ z −1 . Therefore, for constant velocity and riblet spacing while keeping fluid properties the same, increasing the total length of the plate will result in increasing the maximum Reynolds number ReL but decreases the minimum value of the scaled Reynolds number ReL(λ/L) 2 . This locally rescaled coordinate is thus reminiscent of the Graetz number commonly encountered in analysis of entrance regions and developing boundary layers in convective heat/mass transfer analysis. 42 To further investigate the structural evolution of the threedimensional flow near the riblet surface, we present the contours of streamwise vorticity, defined as
In example, for the cases shown in Fig. 11 , a 50% decrease in the scaled Reynolds number results in a reduction in the maximum magnitude of vorticty to ∼27%-33% of the former value. A similar trend has also been reported by Choi et al.; 43 using direct numerical simulations (DNS), they show an increase in the magnitude of the streamwise vorticity when the wavelength of the riblets was increased (increasing the wavelength of the riblets, while keeping other parameters constant, results in an increase in the scaled Reynolds number).
Finally, in Fig. 12 , we present the contours of the inplane velocity v β for V-grooves with Rez = 23 200 and z/λ = 100 using the current approximate theory. Comparing this figure to Fig. 5(b) , which was determined from the numerical simulations, one can see that the results are nearly identical (∥v β,comp ∥∞/∥v β,theory ∥∞ = 1.05) and the conformal mapping approach can capture the key features of the inplane velocity up to first order as well.
B. Quantitative measures of boundary layer thickness
As shown in Fig. 9 , at constant Reynolds number (i.e., constant W∞ and constant fluid properties) and constant local position along the plate, changing the aspect ratio of the riblets results in a qualitative change in the boundary layer thickness. Increasing the aspect ratio of the lateral grooves increases the boundary layer thickness compared to the case of a flat plate boundary layer. The velocity contours in Fig. 9 provide helpful visual companions of the changes in the boundary layer structure and we now seek to define the effective boundary layer thickness that develops above each texture in a quantitative way.
The appropriate measures of boundary layer thickness in the present work are calculated using an integral definition similar to the familiar displacement thickness and momentum thickness employed in analysis of the flat plate boundary layer. To extend the definition of the boundary layer thickness from two-dimensional flows to three-dimensional spatially developing flows, the classical concepts of displacement thickness and momentum thickness are extended into the spanwise dimension to result in a displacement area and momentum area using Eqs. (26) and (27) below. By analogy to displacement thickness, the displacement area is a measure of the portion of the cross sectional area (with its normal parallel to the streamwise direction) that the inviscid outer flow has been displaced by the presence of the wall and the development of the viscous boundary layer. 38, 44 Similarly the momentum area provides an integral measure of the streamwise momentum that is lost by the retardation of the local velocity profile in the grooves. Therefore the displacement area and momentum area are defined as
where S is the cross sectional area normal to the flow direction at constant z (similar to the cross sections in Figs. 8-10 ). For a single periodic riblet, the integration area is defined by 0 < x < λ and yw < y < ∞. In Sec. II, the local boundary layer thickness (δ) in Eq. (7) is nondimensionalized by λ. However, since the displacement area and momentum area both have dimensions of length squared, the integral measure ∆ * /λ 2 replaces (δ/λ) 2 in the following scaling analysis.
The dimensionless displacement area for riblets of the same wavelength (i.e., fixed λ) are plotted as a function of the local Reynolds number Rez = z/(ν/W∞) and aspect ratio in Fig. 13 . It can be seen from Fig. 13(a) that the presence of the riblets results in an increase in the boundary layer thickness (or displacement area) compared to a flat plate (AR = 0) and increasing the aspect ratio results in a further increase in the displacement area. Similar behavior was qualitatively observed in Figs. 8-10 .
At lower Reynolds numbers, the increasing trend of displacement area as a function of the aspect ratio (AR) is clearly seen, but as the value of Rez increases [corresponding to greater distances, z/(ν/W∞), down the plate], the difference between the calculated displacement areas for various aspect ratio riblets becomes less significant.
On the other hand, the variation in the momentum area depicted in Fig. 13(b) follows a slightly different behavior. At lower Reynolds number, (i.e., shorter distances along the plate), increasing the aspect ratio of the riblets results in increases in the momentum area. However, closer inspection of the data [see the inset of Fig. 13(b) ] shows that as the Reynolds number is increased beyond approximately Rez ≈ 10 4 , the momentum area of the riblet surfaces cross over to values smaller than the momentum area for the case of a flat plate (i.e., AR = 0). This trend is discussed in more detail in Sec. IV C.
Next, to investigate the effect of the spanwise spacing of the riblets (λ) on the computed displacement area, the results of ∆ * /λ 2 for riblets with various spacings, λ, are plotted as a function of the aspect ratio, AR, at three Reynolds numbers Rez = 10 4 , 4 × 10 4 , and 9 × 10 4 in Figs. 14(a)-14(c), respectively. Again it can be seen that increasing the aspect ratio (AR) results in a slight increase in the displacement area for all cases shown in the figures. In each case, increasing the spacing (λ) of the riblets at the same location (z) down the plate [as presented with different symbols in Figs. 14(a)-14(c) ], results in a decrease in the displacement area at the same Rez and the difference becomes more pronounced as the Reynolds number increases.
However, once again the self-similarity of the velocity field with our rescaled Reynolds number [Eq. (10) ] can be used to collapse the values of displacement area as well. The data in Fig. 14(a) for 
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Similar behavior (not shown here) is observed for the momentum area as a function of the scaled Reynolds number and aspect ratio and thus, for the rest of this work, both the displacement area and momentum area are written as a function of the scaled Reynolds number Rez(λ/z) 2 and aspect ratio (AR) of the riblets instead of the three dimensionless groups initially introduced in Sec. II.
C. Momentum area and total drag
In Secs. IV A and IV B, the boundary layer equations were solved in differential form to calculate the velocity distribution w(x, y) at each cross section along the grooved plate (constant z or Rez). The Navier Stokes equation in the z direction can also be written in integral form (also known as the momentum integral equation) as below
where S is the cross sectional area at each constant value of z in the x-y plane [i.e., the same area as the one employed in the definition of displacement area and momentum area in Eqs. (26) and (27)], τw is the traction vector on the wall (τw = τ ⋅nw, where τ is the shear stress tensor and nw is the normal vector to the riblet wall), and is the local tangent vector along the contour of the riblets. Equation (28) can be further simplified as
where ∆ * and Θ are the displacement area and momentum area as defined in Eqs. (26) and (27) , respectively. With the assumption of no pressure gradient (i.e., dp/dz = 0), using Euler's equation for the inviscid flow outside the boundary layer we know that ρW∞(dW∞/dz) = −dp/dz = 0. Equation (29) can then be simplified further to relate the traction vector on the wall to the momentum area in the form of an ordinary differential equation as
Then, integrating Eq. (30) along the z direction of a plate from 0 to L gives
i.e., the integral of the wall traction vector (τw) along the riblet contour ( ) and then along the length (L) of the plate results in the total drag force, D, over the wetted riblet surface area [note that Θ(0) = 0]. Therefore, calculating the momentum thickness Θ(L) is sufficient for finding the total drag on the surface instead of calculating and then integrating the shear stress distribution on the surface. To explore the effect of the riblets on the total drag force, the reduction in drag is found by calculating
where D flat is the drag force on a flat surface (corresponding to AR = 0) and Θ flat is the momentum area of the flat surface at a given Reynolds number ReL = ρW∞L/µ.
As we discussed at length in Secs. IV A and IV B, the boundary layer flow over riblet surfaces exhibits another level of selfsimilarity, as long as the rescaled Reynolds number Rez(λ/z) 2 is used instead of the classical Reynolds number. Due to this self-similarity in the velocity profiles above riblets of different sizes and at different streamwise locations, we can present the displacement area for a plate of length L as a function of only two parameters; ReL(λ/L) 2 and the aspect ratio (AR). Similar scaling behavior is observed in the momentum area as well (cf. Fig. 14) and thus the results for the total drag reduction computed from Eq. (32) can be presented as a function of ReL(λ/L) 2 and AR as shown in the contour plot presented in Fig. 15 .
The first key observation from this contour plot is that Vshaped riblets can either increase or reduce the total frictional drag force on the plate, depending on the size of the riblets, the dynamics of the flow, and the aspect ratio of the riblets. This visual presentation helps rationalize the often conflicting experimental and numerical observations in earlier literature reports, in which both drag reduction and drag increases have been reported.
The second point to note is that at a constant aspect ratio, (AR), decreasing the scaled Reynolds number [ReL(λ/L) 2 ] (i.e., moving from right to left in this dimensionless design space) results in a decrease in the total drag on the surface. To achieve drag reduction with a V-groove riblet surface, the scaled Reynolds number needs to be lower than a critical value. This threshold value depends on the aspect ratio of the riblets, AR, and the threshold line for all the cases calculated with the present theory is shown by the white broken line in Fig. 15 . From this contour plot, it is clear that for a given flow velocity, specified fluid properties, and fixed riblet geometry, to achieve drag reduction, the length of the plate needs to be larger than a minimum length corresponding to the threshold scaled Reynolds   FIG. 15 . Change in the total drag exerted on a V-grooved plate shown in form of the changes in the momentum area of the plate as a function of the aspect ratio AR of the riblets and the scaled Reynolds number Re L (λ/L) 2 . The dashed line indicates the contour for which ∆Θ = ∆D = 0, and drag reduction corresponds to ∆Θ < 0.
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scitation.org/journal/phf number. On the other hand, with a fixed plate length, constant fluid properties, and constant riblet size, the velocity needs to be lower than a maximum velocity (again corresponding to the threshold scaled Reynolds number) for the riblets to be drag-reducing. In addition, as we discussed in Sec. IV A, decreasing the scaled Reynolds number of the problem, would result in a decrease in the magnitude of the streamwise vorticity at the outlet plane of the corresponding plate. This effect has also been discussed in previous DNS studies 43, 45 showing that the magnitude of the streamwise vorticity is lower in drag-reducing situations when compared with drag-increasing ones. Thus, this theoretical framework is able to inter-relate changes in the streamwise vorcitity and the drag-reducing ability of the riblet surfaces.
On the other hand, at a constant scaled Reynolds number, the possibility of achieving drag reduction with riblets is dependent on the aspect ratio of the riblets. At each value of the (scaled) Reynolds number, the total frictional drag on the surface exhibits a nonmonotonic behavior as a function of the aspect ratio. Moving vertically through the design space of Fig. 15 the drag is first reduced as the aspect ratio of the riblets is incremented and then, after passing through a minimum, starts to increase again, ultimately exceeding the frictional drag force acting on a flat plate. Thus at each value of ReL(λ/L) 2 there is an optimal aspect ratio resulting in the highest drag reduction. Also, it can be seen that riblets with aspect ratios greater than a threshold (determined from Fig. 15 to be AR ≳ 1.4) are never drag-reducing.
It is important to note that the abscissa of this figure is given in terms of the scaled Reynolds number obtained in Eq. (10) . For example, for a typical fast swimming shark covered in denticles, we have λ = 35-105 µm, a denticle length of ≈150 µm, and a swim- Figure 15 thus captures most of the range of interest prior to transition to turbulence. We provide additional discussion regarding the appropriate ranges of AR and scaled Reynolds number for fast swimming sharks in Sec. VI below.
In our previous numerical study, 36 we have similarly demonstrated that for sinusoidal riblet surfaces in laminar boundary layer flows the reduction in total drag is a nonmonotonic function of the aspect ratio of the riblets; with riblets of AR ≈ 1 offering the optimum reduction over a wide range of Reynolds numbers.
Most of the available experimental literature on the use of riblet surfaces are focused on the case of turbulent flows which makes direct comparison with the current theory difficult. However, previous research by Hooshmand et al., 39 Choi et al., 43 and Goldstein et al. 45 have shown a strong damping effect on Reynolds shear stresses and turbulent kinetic energy inside the riblet troughs, which confirms the importance of viscous effects and flow retardation on this mode of drag reduction. Therefore, it is still of interest to holistically compare the similar trends previously observed and reported: Wind tunnel experiments performed by Walsh 34 with constant riblet geometry and fluid properties, where only the free-stream velocity was changed, showed that increasing the velocity results in an increase in the measured drag on the surfaces for V-grooves as well as other types of riblet tested. This directly corresponds to the increasing trend in the scaled Reynolds number which predicts an increase in the total drag experienced by the surface. Walsh's 34 results also show that in similar flow conditions, riblets with AR = 1 reduce the drag over a wider range of free-stream velocities compared to V-grooves with AR = 2. Additional results from Walsh and co-workers 13,14 also show similar nonmonotonic trends when riblets with constant lateral spacing, but different aspect ratios were used in the same flow conditions. For scaled wall roughnesses 10 < s + < 20, the maximum drag reduction was achieved using AR ≈ 1.6 and the measured drag showed a nonmonotonic trend with AR, as predicted by the present theory. Results of experiments with rectangular (razor-blade) riblets by Lazos and Wilkinson 35 also showed a similar trend with AR for riblets over a range 17 < s + < 32 with a fixed spacing of 0.025 ″ (0.635 mm) and aspect ratios of 0.8, 1.6, and 2, where the aspect ratio of AR = 0.8 offered the highest reduction. Similar trends can also be seen in the experiments of Bechert et al. 46 for trapezoidal and rectangular grooves in which riblets with AR ≈ 0.6-0.8 offered the highest reduction over the entire range of 10 < s + < 30 reported.
Bechert and co-workers 32 have previously studied the turbulent flow over riblet surfaces in channel flow conditions. In their model, they assume a fully viscous flow inside the grooves and employ conformal mapping to solve the Laplace equation for the velocity profile inside the grooves. They assume riblets affect the fluctuations in the cross-flow and this change then directly affects the changes in shear stress. Using this analysis, and employing Prandtl's equation for the shear stress in turbulent channel flow, they offer a prediction for the drag reduction resulting from riblets with wavelength or spacing of less than 15 wall units. Their prediction captures the enhancement in the reduction of the shear stress due to the presence of riblets as the dimensionless spacing of the riblets increases up to a value of 15, but it cannot capture the trend in the measured data for s + > 15. By comparison, the current theory, formulated based on laminar boundary layer flows, in the absence of turbulent fluctuations, is not designed to describe the changes in drag measured by Bechert et al. 32 for tightly spaced riblets smaller than 10-15 wall units. However, our model is able to holistically capture the trend in their results for widely spaced riblets (s + > 15) including the transition from drag-reducing to drag-increasing riblets. Baron and Quadrio 37 expanded the conformal mapping with an a posteriori model to fit the experimental results presented by previous researchers over the entire range of s + . While their model and fitting does a good job of interpreting the numerical results, the model depends on knowing the flow response, whereas the current conformal mapping framework is not dependent on any prior information regarding the kinematics of the flow. In addition, none of the proposed formulations are able to capture the nonmonotonic dependence of drag on the aspect ratio of the riblets which has been discussed in depth here and in our previous calculations. 36 
V. LIMITATIONS OF THE PRESENT THEORY
Our analysis of laminar boundary layer flow over V-grooved riblet surfaces led to a simplified model of this three-dimensional spatially-evolving flow and captured the broad trends observed in experimental studies of riblet surfaces in fast viscous flows. Definition of an appropriate momentum area allowed us to compute the total viscous drag on the grooved surfaces and this analysis is able to help us understand the drag-reducing potential of a range
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scitation.org/journal/phf of riblet surfaces. However, the asymptotic theory underestimates the actual magnitude of drag reductions that can be attained using riblet surfaces. Figure 15 shows drag reduction of the order of 1%; however, our numerical simulations 36 have indicated a reduction of as much as 20% and previous researchers 13, 46 have been able to measure reductions as much as 8%-10% experimentally.
As is the case with the familiar flat plate boundary layer theory, our scaling analysis fails to capture the dynamical effect of the pressure gradient that is important close to the leading edge of plate. Reconsidering Eq. (29); if the pressure gradient is nonzero, then the second term in the equation involving the effect of the displacement area will be nonzero and this will affect the calculation of the total frictional drag. To incorporate the effects of the leading edge and the developing flow, the complete Navier-Stokes equations need to be solved for steady viscous flow over riblets of different aspect ratios and sizes. In our previous numerical simulations, we 36 have shown that the spatial structure of the streamwise pressure gradients help enhance the flow retardation inside the grooves more than our present theory predicts and can even drive a local flow reversal. As a consequence, the threshold value of the scaled Reynolds number corresponding to the onset of the drag reduction turns out to be larger and the total levels of drag reduction ∆D/D flat can be substantially larger than 1%. In addition, the pressure gradient allows for sharper (higher aspect ratios) riblets with AR > 1.5 to still be weakly drag-reducing, while the present asymptotic theory does not capture this. In addition, based on our computational understanding of the effects of pressure gradients near the leading edge, especially the effect of the adverse pressure gradient (APG) in creating a layer of retarded/stagnant fluid (discussed previously 36 ), it can be anticipated that riblet surfaces would be able to perform somewhat better under APG conditions.
In our previous numerical study, 36 the drag reduction results were presented in the form of a reduction in the total drag (∆D/D 0 ) as a function of the global Reynolds number of the flow above the plate. Using the insight gained from our asymptotic analysis, we can replot our computational results as a function of the scaled Reynolds number as defined here in Eq. (10) . The results are shown in Fig. 16(a) . The results of this previous numerical study agree very well with the trend presented in Fig. 15 , showing that at a constant aspect ratio (corresponding to a horizontal trajectory through Fig. 15 ), for riblets on a plate to be drag-reducing, the re-scaled Reynolds number needs to be less than a certain critical threshold. Furthermore, at low values of ReL(λ/L) 2 ≲ 2, the variation in drag reduction is nonmonotonic with AR (corresponding to a vertical trajectory through Fig. 15) . However, the full numerical simulations are able to capture total drag reduction values (of up to 20%) that are larger than our asymptotic theory predicts in the absence of pressure gradients. In addition, the simulations show that even riblets with AR > 1.5 are still able to moderately reduce the viscous drag force while our asymptotic analysis only predicts drag reduction for AR ≲ 1.4.
Using our asymptotic theory, we can calculate the velocity profiles for V-grooves with ReL = 99 200, λ/L = 7.81 × 10 −3 , and AR = 1.72 corresponding to the experimental and numerical data presented by Djenidi and co-workers. 6, 8 The velocity profiles are shown in Fig. 16(b) at three spanwise locations x/λ = 0, x/λ = 0.26, and x/λ = 0.5. Comparing these velocity profiles with the results presented by Djenidi and co-workers, 6, 8 one can see that qualitatively the velocity profiles are very similar with each other, especially as we move away from the riblet surface. In their experiments, Djenidi et al. 6, 8 focus on V-grooves based on equilateral triangles corresponding to θ = 60 ○ or AR = 1.72 which, according to our current asymptotic theory, are not able to offer any level of drag reduction in the investigated ranges of the scaled Reynolds numbers presented. In a separate parametric study, Djenidi and co-workers 8 have also focused on very sharp riblets with AR ≳ 1.5 within a range of scaled Reynolds number of 0.1-3 and concluded "at worst, there is no frictional drag increase on the riblets." 8 From our asymptotic theory, we indeed expect high aspect ratio designs to fail to offer any drag reduction, whereas shallower riblets (AR < 1.2) would perform better. Our previous numerical simulations with wrinkled surfaces showed that riblets with AR ∼ 1.7 and ReL(λ/L) 2 ∼ 2-3 can at best show up to 5% reduction in total drag, whereas lower aspect ratio wrinkles (with AR ∼ 1) can give up to 20% drag reduction. Therefore, our theoretical framework provides design guidelines for interpreting previous literature reports and for expanding on the available geometric and dynamic choices for improving the drag-reducing ability of riblet textured surfaces. 
VI. SHARK SKIN AND BOUNDARY LAYER THEORY OVER RIBLET SURFACES
The extended boundary layer theory introduced here can also be used to give an insight into the geometrical features of the riblets on shark skin and their potential for being able to reduce the skin friction drag. Using the reported values for the average spacing and heights of the ribs of various types of shark denticles by Bechert and Reif, 1 Wen et al., 2 as well as Luo et al., 3 we find that, on average, the spacing of the ribs of the shark denticles is λ ≈ 35-105 µm and the heights are in the range of A ≈ 20-30 µm, giving an aspect ratio of AR ≈ 0.4-0.8.
Of course the global Reynolds number of the shark is ReL ≈ 10 7 and falls in the turbulent flow regime which is beyond the scope of the present analysis. However, if we assume the transition to turbulence in the boundary layer occurs at ReL,c rit ≈ 5 × 3) which falls into the drag-reducing region. So, assuming the ribs on the shark skin are aligned to create long continuous grooves with moderate aspect ratio, the flow over the shark skin (prior to transition to turbulence) falls in the drag-reducing region in Fig. 15 . As we have emphasized throughout this text, riblets (in turbulent flows) have been shown to also greatly dampen the levels of turbulent kinetic energy near the surface texture and viscous effects within the grooves play a key role in their drag-reducing behavior. Hence the present theory (even though limited to high Reynolds number laminar viscous boundary layer flows) can be a starting point in understanding important effects of varying the geometric dimensions of shark denticles on their swimming behavior and can be augmented through more detailed hydrodynamic computations to also study more complex flow conditions.
To illustrate how the present theory can effectively be utilized, we consider a recent experimental study by Domel et al. 47 They showed that 3D printed shark denticle replicas with aspect ratios AR ∼ 0.6-0.8 arrayed on a rigid foil could reduce the total drag by up to 30% in a recirculating water flow tank; however, replicas printed at 1.5 and 2 times the actual size of shark denticles resulted in up to 25% increase in the measured drag. Using the current extended theory, we know that at constant aspect ratios, increases in the scaled Reynolds number, ReL(λ/L) 2 , result in an increase in the drag experienced by the riblet surface. Therefore, at a constant Reynolds number and aspect ratio, increasing the physical size of the shark denticle replicas can result in moving from a drag-reducing scenario to a drag-increasing one. To consider this more quantitatively, we focus on the results reported by Domel et al. 47 for the case of ReL = 40 000-50 000. Estimating λ ≈ 1.6-1.8 mm, λ ≈ 2.8-3 mm, and λ ≈ 4-4.1 mm, respectively, for denticle replicas of the same size, 1.5×, and 2× the natural size (using the height profiles in Fig. 4 in Domel et al. 47 ) and L = 157 mm, we find these to correspond to scaled Reynolds number ranges of 5-8, 14-18, and 27-32, respectively. Since the shape of wrinkled surfaces are closer to the ribs on shark denticles, we use Fig. 16(a) for qualitative comparison. With these ranges of scaled Reynolds numbers, only the denticle replicas of the same size as natural denticles have the potential to be drag-reducing; replicated samples with denticles of 1.5× and 2× the natural dimensions are drag-increasing at the values of the scaled Reynolds numbers calculated above. In addition, the numerical simulations 36 can capture similar levels of drag reduction or increase as those reported by Domel and co-workers. Therefore, our analysis and the corresponding drag reduction contour plot (Fig. 15) supports the hypothesis that riblets on natural and artificial shark denticles offer the potential of being dragreducing and their geometrical parameters, especially the aspect ratio of the ribs and the estimated values of an appropriately scaled Reynolds number lie in the region which we compute to offer maximal drag reduction.
VII. CONCLUSION
We have shown that the laminar viscous boundary layer established over three-dimensional periodic riblets can be modeled using an extended form of the classical boundary layer theory. Using conformal mapping, the extended boundary layer equations over textured plates can be solved (in the absence of any pressure gradients) as a function of three nondimensional variables; the global Reynolds number of the flow (ReL), the ratio of the spacing of the riblets to the length of the plate (λ/L), and the aspect ratio of the riblets (AR = 2A/λ). Furthermore, we have shown that the results of the boundary layer calculations can be presented in a self-similar manner, using a re-scaled form of the Reynolds number ReL(λ/L) 2 and the aspect ratio of the riblets.
Calculations using this asymptotic theory show that the boundary layer that develops over riblet surfaces is thicker than the corresponding flat plate and, as the aspect ratio of the riblets increases, this thickness (quantified in the form of an appropriate displacement area) is enhanced. Increasing the aspect ratio of the riblets results in a larger region of flow retardation inside the grooves; however, this retardation is offset by the increasing wetted area of the cross section. Using the momentum integral equations, the appropriate momentum area captured for each riblet shape can be used to calculate the total frictional drag on the entire plate. The results were presented in the form of a contour plot of the drag reduction ∆D/D 0 as a function of the rescaled Reynolds number and the aspect ratio of the riblets (Fig. 15) . The most important finding from this analysis is that at each constant value of aspect ratio, the scaled Reynolds number of the flow should be lower than a maximum critical value in order for the textured riblet surface to be drag-reducing. The computations also show that at each constant value of the scaled Reynolds number there is an optimal aspect ratio (of order unity) corresponding to maximal drag reduction.
This asymptotic analysis can also be used as a framework to help design artificial textures and to interpret observations of actual shark denticles. For a number of large sharks, the textured features of their denticles appear to lie in the region of optimal drag reduction. Finally, the trends presented by this theory help clarify many of the conflicting experimental trends previously reported in the literature. The drag reduction plot shown in Fig. 15 (augmented by suitable numerical calculations) can thus be used as a conservative design guide for selecting appropriate riblet surfaces and flow conditions that will lead to frictional reduction in practical applications. Finally, this framework has the capacity to be expanded to more complicated boundary layer flows, especially those involving pressure gradients (adverse and favorable) for predicting the hydrodynamical
